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ABSTRACT 

Oh! 

O . We construct the most general non-extremal deformation of the D-instanton solution 

with maximal rotational symmetry. The general non-supersymmetric solution carries electric 

charges of the SL{2, M) symmetry, which correspond to each of the three conjugacy classes 

/\ ' of S'L(2,M). Our calculations naturally generalise to arbitrary dimensions and arbitrary 

c^ ■ dilaton couplings. 

We show that for specific values of the dilaton coupling parameter, the non-extremal 
instanton solutions can be viewed as wormholes of non-extremal Reissner-Nordstrom black 
holes in one higher dimension. We extend this result by showing that for other values of 
the dilaton coupling parameter, the non-extremal instanton solutions can be uplifted to 
non-extremal non-dilatonic p-branes in p -|- 1 dimensions higher. 

Finally, we attempt to consider the solutions as instantons of (compactified) type JIB 
superstring theory. In particular, we derive an elegant formula for the instanton action. We 
conjecture that the non-extremal D-instantons can contribute to the i?*-terms in the type 
IIB string effective action. 

PACS number: 04.50.+h 04.65.+e ll.25.-w 



1 Introduction 

Gravity coupled to the two scalars (dilaton and axion) that paraineterise an SL[2, M.)/S0{2) 
coset space is an important subsector of the low-energy limit of type JIB superstring theory. 
Among the different solutions of this system are seven-brane solutions that carry magnetic 
charges with respect to the three generators of SL{2,'R). These magnetic charges combine 
into a traceless 2x2 charge matrix Qm which transforms in the adjoint representation of 
SL[2, M). The combination det{QM), being invariant under these transformations, labels the 
three different conjugacy classes of SL{2,'R). Each pair of solutions in the same conjugacy 
class is related via SL{2, M). On the other hand, two solutions that belong to two different 
conjugacy classes can not be related via SL{2,'R). 

The three classes of inequivalent seven-brane solutions, whose magnetic charges corre- 
spond to the three conjugacy classes of SL{2,M.), have been constructed in [1]. All of these 
seven-brane solutions are half-supersymmetric. The conjugacy class with det{QM) = has 
R isometry in the transverse space and is represented by the so-called "circular" 1/2 BPS 
D7-brane [2]. The other two classes, with det{QM) > and det{QM) < 0, describe seven- 
branes with 5*0(2) and 5*0(1, 1) isometry in the transverse directions, respectively. Actually, 
there exist two solutions describing seven-branes with 5*0(2) isometries [1] whose interpre- 
tation has become clear only recently [3]. The first solution describes a set of (positively 
and negatively charged) D7-branes which are distributed along a finite line-element in one of 
the two transverse directions. A special feature is that the total D7-brane charge vanishes. 
The second solution can be obtained by taking the first solution in the limit of a zero-size 
line-element. Since the total D7-brane charge vanishes, one is not left with a single D7-brane 
but, instead, one obtains a conical space-time with a specific deficit angle [3]. 

It is well-known that the electric-magnetic dual of the D7-brane is the D-instanton^ [4,5]. 
The D-instanton is a half-supersymmetric solution of the Euclidean gravity-dilaton-axion 
system, where the dilaton and axion parameterise an SL{2,M.)/S0{1,1) coset, and carries 
electric charge with respect to the Euclidean SL(2, M) symmetry. In complete analogy to 
the case of seven-branes, the three Euclidean SL{2,M.) charges combine into a 2 x 2 charge 
matrix Qe that transforms in the adjoint representation of the Euclidean 5'L(2,M). The D- 
instanton is represented by the same conjugacy class that represents the circular D7-brane, 
i.e. the one with det{QE) = 0. 

It is natural to ask, in analogy to the case of seven-branes discussed above, whether 
there exist "exotic" instantons with electric SL{2,M.) charges corresponding to the other 
two conjugacy classes, i.e. the ones with det{QE) > and det{QE) < 0. It is the aim of 
this paper to construct and investigate such solutions. For earlier work on generalised D- 
instanton solutions, see [6-14]. To be specific, in this paper we will construct solutions with 
maximal rotational symmetry for general values of the charge matrix Qe, thus generalising 
the D-instanton, and for arbitrary dimension D and dilaton coupling b, thus including 
compactifications of type IIB string theory. We will always refer to the instanton solutions 
in the det{QE) = conjugacy class as D-instantons, though we allow for the generalisation 

^Sometimes an instanton is called a "-1- brane" due to the fact that the transverse space fills the complete 
target space. The D-instanton can be seen as the p = — 1 end of the T-duality chain of Dp-branes. 



to arbitrary dimension and dilaton coupling. 

In contrast to the D-instanton we find that solutions corresponding to the other two 
conjugacy classes, in Einstein frame, do not have a flat metric but rather a confornially Hat 
metric (which is implied by the rotational SO{D) symmetry). Moreover, the scalars can 
be expressed in terms of one rotationally symmetric function which is harmonic over the 
conformally fiat space. Unlike the case of seven-branes, where all three conjugacy classes 
preserve half supersymmetry [1], we find that the generalised instantons of the other two 
conjugacy classes do not preserve any supersymmetry. It has been noted that the standard 
D-instanton has a manifest wormhole geometry in the string frame metric [4,15]. Curiously, 
we find that this holds for all values of b and D for the det Qe = solution in string frame 
and the det Qe > solution in Einstein frame. In addition, for a particular value of the 
dilaton coupling parameter, the same applies to the other conjugacy class with det Qe < 
provided we use the so-called dual frame metric. 

One can view the generalised instantons as non-extremal deformations of the half-super- 
symmetric instanton. This point of view is confirmed by the fact that a subclass of these 
solutions can be viewed as describing wormholes corresponding to non-extremal Reissner- 
Nordstrom black holes in one dimension higher. More generally, for specific values of the 
dilaton coupling parameter, the non-extremal instanton solutions can be uplifted to regular 
non-extremal non-dilatonic p-branes in p + 1 dimensions higher. 

Alternatively, we will describe in this paper an attempt to consider the non-extremal 
D-instantons as true (albeit non-supersymmetric) instantons of type IIB superstring theory. 
In particular, we will derive an elegant expression for the instanton action. We conjecture 
that, whereas the extremal D-instantons contribute to the R^ terms in the type IIB string 
effective action [5], the non-extremal D-instantons may contribute to the i?^-terms in the 
same effective action. 

This paper is organised as follows. In section El we discuss the realisation of the SL{2, M)- 
duality group for the Euchdean case. In sectionElwe give the generalised instanton solutions 
mentioned above. At this point we only construct the bulk solutions without taking care of 
boundary terms and/or boundary conditions. Next, in section 0] we discuss the relation to 
wormholes corresponding to non-extremal Reissner-Nordstrom black holes in one dimension 
higher. In section El we consider generalisations that uplift to non-extremal p-branes in p-|- 1 
dimensions higher. The application as true instantons of type IIB string theory will be 
investigated in section IHl Finally, we discuss our results in section [71 

2 SL{2, M)-symmetry 

In order to discuss the SL{2, M)-duality symmetry for both Minkowskian and Euclidean 
signatures of space(-time), it is convenient to first consider a complexification of all fields 
and, next, consider the Minkowski and Euclidean cases as different real slices, see e.g. [16]. 
We thus consider the complexification of Z)-dimensional gravity coupled to complex 



scalars that parameterise the coset 

SL{2,C) 



50(2) X 50(1,1) 
via the scalar matrix^ 



^,.,^/.(Fx= + e-'MjX-\ p) 



2' 



where is the (complex) dilaton and x the (complex) axion. The constant b parameterises 
the coupling of the dilaton to the axion. The corresponding (complex) Lagrangian is given 
by 

Cc = '^V\9\[R + b-'Tr{dMcdMc')] = iv^[i?- 1(90)^ - '^e'^{dx?] , (3) 

where the metric Qf^i, is complex and b is an arbitrary dilaton coupling parameter. In this 
case there is an SL(2,C) symmetry which acts on the dilaton and axion in the following 

way^ : 

(4) 



Mc^^cMc^l with ^c=(l ^AeSL{2,C) 



The Einstein frame metric is SL{2, C)-invariant. 

We now make two different truncations of this complex system leading to real fields and 
real Lagrangians. One choice is to take 

9% = 9f,v, X* = X , 0* = , (5) 

and to take the (real) metric to be Minkowskian. For the two (real) scalars this leads to the 

coset 

SL{2,M) 

parameterised by M.m = M-c as given in (j21) with and x both real. The Lagrangian Cm 
for this case is given by (jH} where both the metric and the two scalars are real. The SL{2, M) 
symmetry is given by 

Mm -^ ^mMm^m with nM= (^ J ) e SL{2,R) . (7) 

Equivalently, the SL{2,'R) transformations can also be defined as modular transformations 
on the complex field 

r=^-X + ^e~"^/'. (8) 



^We will use the following notation: subscripts c refer to quantities in the complex case. For the two real 
slices that we consider we use m and e which will correspond to Minkowskian and Euclidean signatures of 
the space-times, respectively. 

^The dilaton coupling parameter & in Q is of course different from the parameter b in the SL{2,M.) 
transformations below. It should always be clear from the context what is meant. 



The Lagrangian for the scalars can then be rewritten as^ 

af = -(2/62)|9r/Imr|2, (9) 

with symmetry 

ar -\- b 
T -^ , ad — be = 1 . (10) 

This theory occurs for example as the scalar section of IIB supergravity in D = 10 Minkowski 
space-time with dilaton-coupling parameter 6 = 2. Other values of b can arise when consid- 
ering (truncations of) compactifications of IIB supergravity. For instance, in D = 3 one has 
supersymmetry for 6 = 2, 6 = -\/2, b = a/4/3 and 6 = 1. 

In the second case, on which we will concentrate in this paper, we first redefine x ^ ^X 
and next impose the same reality conditions ^ with the only difference that we now take 
the (real) metric to be Euclidean. For the two (real) scalars this leads to the coset 



SL{2, 



30(1,1) 



;ii) 



parameterised by 



where (j) and x ^^^^6 both real^. The corresponding Euclidean Lagrangian is 

Ce = l^[R + b''Tr{dMEdME')] = '^^[R-Ud<l>? + ^e^^^x)'] , (13) 

with all fields real. For 6 = 2 and D = 10 this is the gravity-scalar part of IIB supergravity 
after a Wick rotation, i.e. in Euclidean space. Again, compactifications of the D = 10 theory 
can give rise to other values of 6. The SL{2, M) symmetry for the Euclidean case acts as (see 
also [17]): 

Me -^ ^eMe^I with nE=( JJ^ '] ] , (14) 

with a, 6, c, d real parameters satisfying ad — be = 1. 

Given the SL{2, M) symmetry of the field equations, there are corresponding currents. 
In the Euclidean case the SL{2,M.) currents are given by the matrix, see e.g. [18], 

J, = {d,ME)ME' = I .^'f ) '^t) ) ' (15) 



''Throughout this paper we assume that 6 7^ 0. Note that for 6 = the Euchdean SL{2,M.) symmetry 
degenerates to a IS 0(1, 1) symmetry. 

^Note the occurrence of factors of i in (|12|) . What matters is that the Lagrangian H13() and the transfor- 
mation rules of the scalars H14|l are real. 



with the following components: 

J^:^ = -hxjf + {e-'' - \h\')j'-^ . (16) 

We use here a basis where Jq generates a S0{1, 1) subgroup of S'L(2,M) while Jq each 
generate a differently embedded M subgroup of S'L(2,M). The currents (fT3j) satisfy the 
following field equations and Bianchi identities: 

V^J'^ = 0, 9[^ J.] = '^[M'^H • (17) 



The first equation corresponds to the field equations of the Lagrangian ()T3|) and the second 
equation follows from the definition (fTH|l . 

Using Stokes' theorem the electric charges of a solution are obtained by integrating the 
currents over a, [D — l)-sphere. We define our charge matrix as follows: 



(2(D-l)(D-2))-i/2 

hVol{S^-^) jsD-i 



Qe = ^,, ,/on-1^ / -^X : 



where n'^ is an outward directed unit vector. Under an SL{2, M) transformation ()14|) the 
corresponding charge matrix transforms as 

Qe~^^eQe^e'- (19) 

Note that the determinant of Qe is invariant under SL{2,M.). Thus solutions with different 
values of det{QE) can never be related via 5'L(2,R)-transformations. As discussed in the 
introduction the cases det{QE) = 0,det(Q£;) > and det{QE) < describe the three 
different conjugacy classes of SL{2, M). 

3 Instanton Solutions 

In this section we will consider instanton-like solutions to the bulk equations of motion. 
Issues like boundary terms and values of the action are postponed to section 6. 

3.1 Bulk Solutions 

We consider the Euclidean gravity-dilaton-axion system in D > 3 dimensions given by the 
Lagrangian (with arbitrary dilaton coupling parameter b) 

CE='^Vg[R-l (d^y + I e'Hdxf] , (20) 



and search for generalised D-instanton solutions with manifest SO{D) symmetry of the form^ 

ds' = e'''^^\dr' + r'dnl_,), = 0(r) , X = x{r) . (22) 

The standard D-instanton solution [4] is obtained for the special case that B{r) is constant. 
In order to obtain an SO{D) symmetric generalised D-instanton solution, we allow for a 
non-constant B{r) and solve the field equations following from the Euclidean action (J20|l . 
which read 

R,,u = - df,(f)du(j) - - e^'f'd^xduX , 
= d, {^g'^'e'^d.x) , 
= \ e"^{dxf + -^ d, {^gg^^'dA) ■ (23) 



The expression for the Ricci tensor for the Ansatz (j22j) is given by 
R,, = -{D-1) (B"{r) + ^' 



Ree = -e-2^M gee [B"{r) + {D - 2) B\rf + (2 D - 3) ?^] , (24) 

r 

where the prime denotes differentiation with respect to r and 6 denote the angular coor- 
dinates. In addition to the SL{2,M.) symmetry these field equations are invariant under a 
constant Weyl rescaling of the metric^ 

gf,u -^ e^'^g^y . (25) 

However, this is only a symmetry of the field equations and not of the action. In our Ansatz 
()22p. this has the effect of shifting B with a constant, i.e. B ^ B + uj. 

One can consider the angular component of the Einstein equation of (j^^ to solve for 
B[r). Having solved for B{r) the expressions for the dilaton and axion scalars can be 
obtained from the remaining two equations of ()23|1 . We thus obtain the following solution^ 

^Note that by using reparameterisations of r one can obtain different, but equivalent, forms of the metric 
in which the SO{D) symmetry is non-manifest, in particular 

ds^ = e2^W(e-2/{'-)dr-2 +r2df]2^_,) , (21) 

in analogy to what we will encounter later, see l|80(l . We choose to take as our starting point a conformally 
flat metric, i.e. /(r) = 0. 

^In contrast to SL{2,M.), the constant Weyl rescaling symmetry is broken by 0{a') corrections. 

®For practical purposes we omit an overall ± sign corresponding to the Z2 symmetry of the axion, 
corresponding to the choice between instanton and anti-instanton. This sign affects some signs in the 
SL{2,R) charges of the solution, but does not change its conjugacy class. 



for B{r),(f){r) and x(r), which extends the solution given in [10] to arbitrary b: 
The solution is given in terms of the two fiat-space harmonic functions 

/±W = i±;:i^ (27) 

and the four integration constants q, gs, g_ and Ci. The integration constant q is defined as 
the square root of q^, which is an integration constant that can be positive, zero or negative^. 
Finally, the constant c is given by 



mi- 

Note that the metric, specified by B{r) given in (f^ . only depends on the product of /+ 
and /_ whereas the scalars only depend on the quotient of /+ and /_. This reflects the 
presence of the scale symmetry (j23), whose effect is to scale both f± with the same factor. 
The constants q^ and g_ occur with inverse powers and have been taken non-zero in the 
above solution. Below, we will see that sending them to zero yields interesting limits. 
The solution ()2fi|) carries electric SL{2,'R) charges given by 

Qe=('' ''^), (29) 

where we have defined the dependent integration constant g+ via 

q' = -g+g_ + ga' = - det(gi,) . (30) 

Thus, the solution (PBj) has general SL{2,M) charges {q+,q^,q3)- 

The appearance of the four independent integration constants, q^, g_, q^ and Ci, can be 
understood as follows. As can be inferred from the solution (jSH)), the constant q^ corresponds 
to the freedom to apply R transformations, which shift the axion. Similarly, the constant 
q_ corresponds to 50(1,1) transformations, which scale the axion and shift the dilaton. 
By applying such transformations one can shift q^ with arbitrary numbers while g_ can be 
rescaled with a positive number. The constant Ci is shifted as follows 

Ci-^Ci-2Aq (31) 



^Note that this imphes that the solution (|26|l is not manifestly real, since q can be imaginary. Below, we 
discuss this issue separately for the three cases q^ positive, negative or zero. 
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under the SL{2, 
charge matrix: 



transformation, with parameter A, whose generator is given by the electric 



Qe = exp{XQE) 



(32) 



Since Qe is invariant under such transformations, see (fTU|) . while Ci is shifted, this explains 
why Ci does not appear in ()29|) . The remaining constant, q^, is invariant under SL{2,'R) 
and thus does not correspond to these symmetry transformations. Rather, this constant 
corresponds to the freedom to perform rescalings of the metric (PH|) . To retain a metric 
that asymptotically goes to 1, this must be combined with an appropriate rescaling of r. 
The resulting effect of this transformation is a rescaling of q^ with a positive number. One 
therefore always stays in the same conjugacy class under such transformations. 

The solution (j^H|l can be written in a more compact form by using, instead of the two 
functions /+ and /_ which are harmonic over D-dimensional fiat space, a function H{r) 
which is harmonic over a conformally fiat space with the conformal factor specified by the 
function B{r) given in ^I^ . i.e. 



d LD~l^(D-2)B(r) dH{r) 

dr \ dr 



0. 



The general solution to this equation is of the following form: 

if(r)oclog(/+(r)//_(r)). 
We can, therefore, rewrite the solutions (J26|l as follows: 



(33) 



(34) 






2{D-2) 



r 



2/(15-2) 



{dr^ + r^dnl^^), 



q- 



bq^ 



smh{H{r) + Ci] 



[q cotHHir) + Ci) - gs) 



(35) 



where 



H{r) = ^ log(/+(r)//_(r)) 



(36) 



The solutions (jHH|) are valid both for q^ positive, negative and zero. Below we discuss 
the reality and validity of the solutions for each of these three cases. Note that we use the 
Einstein frame. 

• q2 > 0: 

In this case q is real and the solution is given by (jH3j) with all constants real. However, 
the metric poses a problem: it becomes imaginary for 



r^-2 < ^-' 



(37) 



One can check that there is a curvature singularity at r = r^. However, this curvature 
singularity happens at strong string coupling: 

e*(") ^ cx) , r^Tc. (38) 

Between r = Tc and r = oo, H varies between cxd and 0, and with an appropriate 
choice^" of Ci, i.e. a positive value of Ci, the scalars have no further singularities in 
this domain. Thus one might hope to have a modification of this solution by higher- 
order contributions to the effective action of IIB string theory [1 1] . Alternatively, one 
can consider the possible resolution of this singularity upon uplifting. In the next 
section, we will see that this indeed happens for the special case of 



equivalent to 6c = 2. 

In the case with q^ > 0, there is an interesting limit in which g_ — i> 0. For generical 
values of the other three constants, this yields a non-sensible solution with infinite 
scalars. To avoid this, one must simultaneously impose 

Ci^-logfc, g3^q-^, g_^0. (40) 

zq zq 

This yields a well-defined limit, in which the scalars read 

e^l^=^f. X=^, (41) 

while the metric is unaffected and given by (J2S1)- Note that in this limit the dilaton 
becomes independent of h: when the axion is constant, the dilaton coupling drops 
out of the field equations. In this limit, one is left with two independent integration 
constants, g+ and q^. The range of validity of this solution is equal to that of the 
above solution with g_ ^ 0: it is well-defined for r > Tc-, while at r = re the metric has 
a singularity and the dilaton blows up. We will find that this singularity is resolved 
upon uplifting for all values of 6c > 2. 

q2 = 

We now consider the limit q^ — > of the general solution (jHSI)- Taking this limit for 
generic values of Ci, one sees that e^^^'^ — > cxd for all r. The only way to avoid this 
bad behaviour is to have Ci —>■ 0, as q^ —>■ 0. Thus, to obtain a well-defined limit, we 
simultaneously take 

Ci - g'J' ^ , q^ - . (42) 



^"According to lj2U, the constant C\ can be changed by an SL{2,M.) transformation, leading to singular 
scalars (but non-singular currents, which are independent of Ci). However, since these are related to regular 
scalars by a global SL{2,M^) transformation, this does not pose a problem. 
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The constant gs is assumed positive and will correspond to the value of e'^*-^-' at r 
Taking the limit ()42|) of the general solution ()35|) yields the extremal solution: 



ds^ = dr^ + r^ dnl_ 



1 5 



,b^(r)/2 



h 



X{r) 



q_ 



where h{r) is the harmonic function: 



bcq- 



h{r) = g'J' + ^^„_, , 



„D-2 



OO. 



(43) 



(44) 



This is the extremal D-instanton solution of [4]. This solution is regular over the range 
< r < OO provided one takes both g^ and 6cg_ positive; at r = however, the 
harmonic function blows up and the scalars are singular. 

q2<0: 

In this case q is imaginary. To obtain a real solution we must take Ci to be imaginary. 
We therefore redefine 

q ^ i q Ci ^iCi, (45) 

such that q and Ci are real. One can now rewrite the solution ()35j) by using the 
relation^^ 

log(/+//-) = 2 arctanh(q/r^-2) , (46) 

and, next, replacing the hyperbolic trigonometric functions by trigonometric ones in 
such a way that no imaginary quantities appear. We thus find that, for q^ < 0, the 
general solution (J35|) takes the following form: 



ds' 



(r) 



X{r) 



:i + 



^2{D-2)' 



.2/(D-2) 



-^r sin(6c arctan( „ o ) + Ci 
q r"^^ 



{dr' + r'dnjy_,), 

2 
D-2' 



hq 



(q cot(6c arctan(-^— -) + Ci) - q^) 



(47) 



The metric and curvature are well behaved over the range < r < oo. However, the 
scalars can only be non-singular over the same range by an appropriate choice of C*i 
provided that be < 2. This can be seen as follows. The arctan varies over a range 
of 7r/2 when r goes from to oo. It is multiplied by be and thus the argument of 
the sine varies over a range of more than vr if 6c > 2. Therefore, for be > 2 there 
is always a point Vc such that x — i> oo as r ^ Tc. Note that the breakdown of the 
solution occurs at weak string coupling: e'^ ^ a.s r ^ r^. In the next section we will 
find that this singularity is not resolved upon uplifting and will correspond to a naked 
singularity. The same holds for the liming case of 6c = 2. Therefore the case q^ < 
only yields regular instanton solutions for be < 2, together with the condition that Ci 
and Ci + beTi/2 are on the same branch of the cotangent. 



^Here we have used the general relation log((l + x)/(l — x)) — 2 arctanh(a;). 
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3.2 Wormhole Geometries 

It is known [4] that the standard D-instanton, i.e. D = 10, 6 = 2, in string frame has the 
geometry of a wormhole, i.e. it has two asymptotically flat regions connected by a neck, see 
figure n It will therefore be interesting to investigate whether there exists frames in which 
the non-extremal instantons also have the geometries of wormholes. 




i"=i"sd 



r= oo 



Figure 1: The geometry of a wormhole. The two asymptotically flat regions at r = and 
r = oo are connected via a neck with a minimal physical radius psd at the self-dual radius 

Tsd- 

We consider a general wormhole metric of the form 



ds"" = f{r 



,2/(D-2) 



(rfr^ + r2rffi2 



f{r) 



a + /5r2-^ + ^r4-20 



(4^ 



where a, (3 and 7 are constants. The metric has a Z2 isometry corresponding to the trans- 
formation r-^~^ — > 7 r'^~^ /a which interchanges the two asymptotically fiat regions. The 
physical radius p is the square root of the coefficient of the angular part of the metric, given 
by p^~^ = f{r)r^~'^. The minimum of this physical radius of the neck occurs at the fixed 
point of the transformation above, i.e. at the so-called self-dual radius r^^"^ = a/7/«, and 
is given by p^~^ = 2y/a^ + p. We will now study the three conjugacy classes in order to see 
for each case if there exists a frame^^ in which the metric takes the form 



q^ > 0: As we will see in section EJ the appropriate frame in this case is the frame 
dual to the instanton, i.e. the [D — 3)-brane frame, given by 



^r = e^^/(^-^) / 



'fJ.U 



liu 



(49) 



^^In arbitrary dimension one can define three difi^erent frames as follows: in the Einstein frame the Einstein- 
Hilbert term has no dilaton factor, in the string frame the kinetic term for the axionic field strength comes 
without a dilaton factor (like all Ramond-Ramond field strengths) and in the dual frame the Einstein-Hilbert 
term, the dilaton kinetic term and the kinetic term for the dual field strength (i.e. F^_ 2 for the frame 
dual to a p-brane) come with the same dilaton factor (see e.g. [19,20] for a more detailed discussion). 
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In the special case oi be = 2, the metric takes the form ()48|) in the dual frame with 

/(r) = ^ sinh(Ci) + 2g_ cosh{Ciy-^ + g_q sinh(Ci)r^-2^ . (50) 

q 

This gives the self-dual radius Vgd and the minimal physical radius psd 

r^-' = q , P^-' = ^<l~e^' ■ (51) 

Note that the self-dual radius rgd coincides with the critical radius r^ of the previous 
section: the curvature singularity in Einstein frame becomes the center of the wormhole 
in the dual frame. The limit g_ ^ 0, with appropriate scaling of Ci as given in (^UJ, 
yields p^^"^ = 4q. For generic values of be, the instanton metrics can not be written in 
the form ()48|1 in any frame. 



q^ = 0: It turns out that for any value of b the wormhole geometry is made manifest 
by going to the string frame 

C = ^"""'^''-"^ 9l ■ (52) 

In this frame, the metric is given by ()48|) with 

/(r) = gl + 2beq^gTr^-^ + {beq^r^-^^ . (53) 

This gives the self-dual and minimal physical radii 



r-- = beqjg'j' , p^-' = ^beq.g^ • (54) 



'sd 



q^ < 0: Here the metric has the appropriate form already in Einstein frame so from 
(jlTj) we get, for any value of 6, 



Cd"' = q , Psd ' = 2q . (55) 

We thus see that for all three conjugacy classes there exists frames in which the solutions 
have the geometries of wormholes. 

3.3 Instanton Solutions with Multiple Dilatons 

We will now consider extensions of the instanton solution of the previous sections, which 
is carried by the 5'L(2,M) scalars and x- We will extend this system with n dilatons '^^ 
[a. = 1, . . . ,n), which are SL{2, M) singlets and do not couple to the axion (this can always 
be achieved by field redefinitions provided one allows for an arbitrary dilaton coupling b to 
the original dilaton 0). We will call the corresponding solution a multi-dilaton instanton. 
The multi-dilaton action is given by 

n 

Ce = 1^[r-1 Y.^d^'^f - \ (^'^)' + \ ^'^ (^^)'] • (56) 

a=l 
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with field equations (j23|) plus n equations, requiring ipa to be harmonic in the curved space. 
The case of one extra dilaton was considered in [21]. 

The solution to this system has the same metric as given in ()26|l . see also [21]. Then the 
extra dilatons ipa satisfy a d'Alembertian equation in a conformally flat background specified 
by B{r) as given in ()2(j|l : 

^fr--V--)-«^Uo. (57) 

or \ or J 

This equation is solved by the harmonic function as given in (jBH), yielding dilatons given by 

<Pa = l^a+ fJ^a log ( yy^ j , (58) 

with 2n integrations constants z/q, and fia- 

Of course, due to the presence of the extra dilatons (fa, the Einstein equation in ^I^ 
is modified. It turns out that the contribution of (fa to the energy-momentum tensor is 
cancelled by similar /iQ,-dependent contributions of the dilaton and the axion x to the 
energy-momentum tensor. Since all yUa-dependent contributions of the dilatons and the 
axion to the energy-momentum tensor cancel against each other, this extension allows for a 
/^Q-independent metric. 

4 Uplift to Black Holes 

4.1 Kaluza-Klein Reduction 

In this section we consider the possible higher-dimensional origin of the Euclidean system 
()2()|1 as a consistent truncation of the (D+l)-dimensional Lagrangian, defined over Minkowski 
space, 

U+i = v^ [i? - i {d4>r - \ e"^ F^] , (59) 

with the rank-2 field strength F = dA. It consists of an Einstein-Hilbert term (for a metric 
of Lorentzian signature), a dilaton kinetic term and a kinetic term for a vector potential with 
arbitrary dilaton coupling, parameterised by a. The corresponding A value [22] is given by 

. 2(D-2) 
A = «' + ^3Y^, (60) 

which characterises the dilaton coupling in D + 1 dimensions. 
The reduction Ansatz over the time coordinate is 

ds^ = 6^""^ ds^ - e^'^'P dt^ , A = xdt, = 0, (61) 

with the constants 
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which are chosen such as to obtain the Einstein frame in the lower dimension with appropriate 
normahsation of the dilaton Lp. Note that the dilaton factor in front of the spatial part of 
the metric g^i_v coincides, for he = 2, with the dual frame defined in section IT2l 

With the Ansatz as above, the Einstein-Maxwell-dilaton system reduces to the D-dimensional 
Euclidean system 

Cd = V^[R-'^ {d<Pf - I {dy,f + \e^t>-^^^ [dxf] . (63) 

Next, we perform a field redefinition corresponding to a rotation in the (0, v9)-plane such 
that we obtain 

Cn = V^[R-\ (d^r - i {d^r + I e^^ (dx)'] , (64) 

with dilaton coupling b given by 



a^^'-^. (65) 

The corresponding value of A is equal to the original value ()60|) . This system can be trun- 
cated to the one we are considering by setting (^ = 0. 

Therefore, the system that we consider in section IHl has a higher-dimensional origin if the 
dilaton coupling satisfies 6c > 2 or 



The case which saturates the inequality, i.e. a = 0, can be uplifted to an Einstein-Maxwell 
system without the dilaton (p. For be > 2 one needs to include an explicit dilaton </> in the 
higher-dimensional system, i.e. one must consider the Einstein-Maxwell-dilaton system ()59|) 
with a 7^ 0. Note that in string theory toroidal reductions, under which the combination A 
is preserved, only lead to values of b with be > 2. 

Since the Euclidean gravity-axion-dilaton system we are considering can be obtained 
as a consistent truncation of the higher-dimensional Minkowskian Einstein-Maxwell-dilaton 
system ()59|). it is natural to look for a higher-dimensional origin of the non-extremal instanton 
solutions within this system. In the following two sections we consider the cases be = 2 and 
be > 2 separately. The instantons with be < 2 have no higher-dimensional origin from 
toroidal reduction. 

4.2 Reissner-Nordstrom Black Holes: he = 2 

It is not difficult to see that for be = 2 the generalised instanton solutions uplift to the 
[D + l)-dimensional Reissner-Nordstrom (RN) black hole solution 

ds^ = -g+{p) g4p) de + \^ + p'dnl,^^ , Ftp = -d,A, = (D - 2) c -^ , (67) 
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where 

g^[p) = l-P^ pI-^ = M±^M^-Q\ (68) 

and Q (M) is the charge (mass) of the black hole. The RN black hole has naked singularities 
for M^ < Q"^ , while these are cloaked for M^ > Q^ , yielding a physically acceptable space- 
time. Note that the coordinate p coincides with the physical radius of the previous section, 
for which the angular part of the metric drL\)_^ is multiplied by p^ . 

In order to establish the precise relation between the charge Q and the mass M of the 
RN black hole and the 5'L(2,M) charges of the be = 2 instanton solutions given in (|n3j) we 
must first cast the RN metric in isotropic form as follows: 

ds^ = -j^^^ de + 4^ (dr^ + r- dnU) , (69) 

where 

To relate the instanton and black hole solutions we need to choose proper boundary condi- 
tions for the instanton solutions ()35|) . which are implied by the boundary conditions of the 
RN black hole: 

lim^^oo fl-ti = -1 , ^^ lim^^oo e'*' = 1 , .^^. 

lim^^oo At = 0, lim^^oo X = . 

This fixes the constants Ci and one of the three SL{2, M) charges gs in ()H5|1 as follows: 



Ci = arcsinh(-^) , gg = q coth(Ci) = ,/q2 + ql . (72) 

g_ V 

The relation between the charge Q and the mass M of the RN black hole and the two 
unfixed 5*17(2, M) charges g_ and q^ is: 



g = -2g_, M = 2^/q2 + g2^ (73) 

such that 



.2 M'^ - Q^ 



q' = ^ • (74) 

From ()74p we see that the physically acceptable non-extremal RN black holes with M^ > 
Q^ coincide with the uplifted instanton solutions in the q^ = and q^ > conjugacy classes: 

M"^ >Q'^ ^ q^ > , 

M^ = Q^ ^ q2 = . (75) 

More specifically, we find that the non-extremal (extremal) RN metric in isotropic coordi- 
nates (|U^ reduces to the q^ > (q^ = 0) instanton solution in the dual frame metric P^. 
Note that the q^ > instanton has a wormhole geometry in the dual frame metric. It turns 
out that the minimal physical radius psd for this case is given by psd = p+, where p+ is the 
position of the outer event horizon given in (jHEj)- 
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4.3 Interpretation of Instantons as BH Wormholes 

In the previous section we have seen that the non-extremal D-instanton solutions ()35|1 in 
the dual frame metric ()49|1 with be = 2 and M^ > Q^ can be viewed as a t = constant 
space-like section of the RN black hole metric (jHOl)- In the Kruskal-Szeres-like extension of 
the RN black hole, the spatial part of the metric (jU^ has the geometry of an Einstein- Rosen 
bridge or wormhole, which connects two asymptotically flat regions of space (see [23] for a 
general introduction to black holes). Indeed, the spatial part of (jU^ has, for M^ > Q^, the 
Z2 isometry 



.D-2 






(76) 



which relates each point on one side of the Einstein-Rosen bridge to a point on the other 
side. 

It is instructive to consider the special case of the Schwarzschild black hole, (i.e. Q = 0). 
Due to (f7H|l . this corresponds to the uplift of instantons with g_ = 0, i.e. the solutions given 
in ()4()j) . As shown in figure El in the Kruskal-Szeres extension of the Schwarzschild black 
hole, every t = constant section of space time corresponds to a straight space-like line going 
through the origin of this coordinate system, with slope determined by the constant value 
oft. 



t = constant 



r^oo 




Figure 2: Schwarzschild black hole in Kruskal-Szeres coordinates. Spatial sections with t = 
constant are space-like lines through the origin, going from region IV to region I . T and X 
are the Kruskal-Szeres time-like and space-like directions respectively. The horizons are at 
p = p+, which coincides with the minimal physical radius at the center p = Psd- 

Notice that on each line, the coordinate r from (J69|) runs from r = at the spatial infinity 
on the left-hand-side, to r = cxd on the right-hand-side. The fixed point of the Z2-isometry 
()7()|1 (now with Q = 0) is positioned at the center of figure El The value of r at this fixed 
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point and the corresponding minimal physical radius is given by 

r^,-'='^M, Pf,-' = 2M. (77) 

Note that this value of the physical radius corresponds to the horizon of the black hole, as 
can also be seen from figure El One can make the wormhole geometry visible by associating 
to every value oi r a {D — 1)— sphere. Representing every {D — 1)— sphere by a circle one 
obtains the wormhole picture of figure Q 

In the more general case (i.e. Q ^ 0), the t = constant sections are still paths connecting 
two regions of the RN black hole. To see what these regions correspond to, it is helpful to 
draw a Carter-Penrose diagram, see figure El The wormhole geometry is qualitatively the 
same as in the Schwarzschild case. The position of the wormhole throat and the value of the 
minimal physical radius are given by 



'sd 



i(M2-g2), pf-^ = M+^M^-Q\ (78) 



which again coincide with the horizon at p = p+. The curvature singularity of the D- 
instanton solutions with q^ > ()35|1 at Vc = (q)^/'^^^ are resolved in this uplifting and can 
now be understood as the usual coordinate singularity of the RN black hole outer event 
horizons (i.e. p = p+, or r'^i^-'^) = (M^ - Q'^)/4:). 




r=0 /C- -J\ X-'----\ r=oo 

t = constant 



Figure 3: Carter-Penrose diagram of RN black hole. The lines with p = p^ are the horizons, 
which coincide with the minimal physical radius p = psd in the center. 

The extremal RN black hole (i.e. M^ = Q^) is qualitatively different from the other 
cases. As one can see from fl76|) . the Z2-isometry is gone. By taking the limit M^ -^ Q^ of 
a non-extremal black hole we see that the wormhole stretches to an infinitely long throat. 
The fixed point of the isometry goes to spatial infinity at r = 0. This means that the 
extremal black hole has a "one-sided" wormhole with a minimal physical radius p^ ~^ = M, 
and the full Kruskal-like extension is geodesically complete without need for a region IV. 
This situation is illustrated in figure JH 
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P=Po 




r=0 



r=oo 



Figure 4: The geometry of the extremal black hole as a "one-sided" wormhole with minimal 
physical radius po- 



4.4 Dilatonic Black Holes: bc> 2 

The instantons with be > 2 uphft to non-extremal dilatonic black holes, i.e. black hole 
solutions carried by a metric, a vector and a dilaton. In fact, the uplift is identical to a 
version of the black hole solution presented in [24]. To be more precise, the non-extremal 
dilatonic black hole solutions of [24] contain an extra parameter p. For generic values of 
this parameter the black hole solution is singular ^^. One only obtains a regular solution if^^ 
/i~q. 

The uplift of the bc> 2 instantons equals the /i — * limit of the non-extremal black hole 
solutions of [24]. Therefore, in contradistinction to the be = 2 case, we obtain a singular black 
hole solution. This singularity can only be avoided in two limiting cases. The singularity 
disappears both in the extremal limit (jl^ when q^ ^ and in the Schwarzschild limit ()41|) 
when g_ — i> 0, where the dilaton decouples. 



5 Uplift to 2?-Branes 

In section 4 we have discussed the uplift of the instantons of section 3 to higher- dimensional 
black hole solutions. It is therefore natural to consider the uplift to higher- dimensional 
p-hranes. To this end it will be useful to first introduce the following nomenclature. 

Non-extremal deformations of general p-branes have been considered in [24,26]. These 
are solutions of the {D + p + l)-dimensional Lagrangian, defined over Minkowski space. 



C 



D+p+l 



g\R~- idipf - , ^ ,. 
^^ 2^ ^' 2(p+l)! 



a<t> (~i2 ] 

6 '-^(p+2)J 



(79) 



with the rank-(|}-|- 2) field strength G 



(P+2) 



^(^(p+i). For a p-brane in D + p + 1 dimensions 



^^These (singular) solutions are a generalisation of the (regular) black holes of [25]. 
^^The parameter q^ can be identified with the parameter k of [24]. 
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the metric (in Einstein frame) is of the form 

ds' = e^^i-e^^de + rfx/) + e^^{e-^fdr^ + r^d^D-i^) , (80) 

where A, B and / are functions that depend on the radial coordinate r only. It is convenient 
to introduce the quantity 

X = {p + l)A + {D-'i)B. (81) 

The extremal p-brane solutions with equal mass and charge, preserving half of the super- 
symmetry, are obtained by taking X = / = 0. 

Assuming that D > 3 there exist two types of non-extremal p-brane solutions in the 
literature. Following [24], we will call them type 1 and type 2 non-extremal p-branes: 

• Type 1 non-extremal p-branes: X = and / 7^ 0. 

These are the non-extremal black branes of [26,27]. The deformation function / is 
given by 



k 



^'' = ^-^^.^ (82) 

where k is the deformation parameter. In a different coordinate frame, with radial 
coordinates p, these branes can be expressed in terms of the two harmonic functions 

/±(p) = l-(^)''"- (83) 

Physical branes without a naked singularity have more mass than charge, which cor- 
responds to p_|_ > p_ or A; > 0. For this type of non-extremal deformation, the dilaton 
is proportional to A and S, which are linearly related since X = 0. 

• Type 2 non-extremal j9-branes: X 7^ and / = 0. 

These are the non-extremal black branes of [24]. The deformation function X reads 

^'' = ^--^)^ (84) 

where k is the deformation parameter. The absence of naked singularities requires k 
to be positive. In this case, the dilaton is not proportional to A or S, which are not 
linearly related. 

The non-extremal D-instanton solutions (PK|) fit exactly in this chain of non-extremal 
p-branes for p = —1. Although the type 2 non-extremal p-branes are defined in 
Minkowski space, we find that one can extend the formulae of [24] to p = —1 branes 
in Euclidean space, i.e. generalised D-instantons, by taking / = and B ^ 0. 

Both types of non-extremal p-branes break supersymmetry. A special case is p = 0, for 
which the regular type 1 and type 2 non-extremal 0-branes are equivalent up to a coordinate 
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transformation in r. From the form of the metric ()80p. which has different world- volume 
isometries for / = and / 7^ 0, it is clear that this is not the case for p > 0. 

To relate the (multi-dilaton) instanton solutions of section 3 to the non-extremal p-branes, 
it is instructive to reduce the p-branes over their (p-fl)- dimensional world- volume, including 
time. In complete analogy to the reduction over time of section 4.1, this will give rise to 
p + 1 dilatons from the world-volume of the p-brane. However, these are not all unrelated: 
for one thing, the dilatons corresponding to the spatial world-volume will be proportional to 
each other, and can therefore be truncated to a single dilaton. We will denote the dilaton 
from the spatial metric components by (p, while the time-like component of the metric gives 
rise to (f. In general, the reduction of non-extremal p-branes will therefore give rise to a 
multi-instanton solution with three different dilatons, including the explicit dilaton 0: 

9tt^ (p, gxx^ (p, 0^0- (85) 

For the two types of non-extremal deformations considered here, however, there is always 
a relation between the three dilatons, allowing a truncation to two dilatons^^. For the 
type 1 deformations the dilatons and ip are related, as can be seen from the metric with 
X = 0. Similarly, the type 2 deformations yield a relation between p and ip since / = 0. 
Therefore, these non-extremal p-branes reduce to multi-dilaton instanton solutions with 
two inequivalent dilatons. Conversely, two-dilaton instanton solutions can uplift to either 
types of non-extremal p-branes, by embedding these dilatons in different ways in the higher- 
dimensional metric and dilaton. 

It is interesting to investigate when these two dilatons can be related or reduce to one, 
therefore corresponding to our explicit SL{2, M) instanton solution (j^Bj) with only one dilaton. 
For the type 1 deformations, this is only possible for the special case with p = and a = 0. 
For these values, the dilatons and ip vanish, leaving one with only (p. The constraint on a 
implies be = 2 which, as discussed in section 3, gives rise to the Reissner-Nordstrom black 
hole. 

For the type 2 deformations there are more possibilities to eliminate the dilaton 0. It 
can be achieved by requiring a = 0, as we did for the uplift to black holes. For general p, 
this leads to the following constraint on b: 



Note that this yields be = 2 for black holes with p = 0. For these values of b, the instanton 
solution ()26|) can be uplifted to regular non-extremal non-dilatonic p-branes. For higher 
values of b, the instanton solution uplifts to singular non-extremal dilatonic p-branes. For 
these solutions to become regular, one must take either q^ ^ or g_ ^ 0, exactly like we 
found in the be > 2 discussion of section 4.3. 

The uplift of the SL{2, R) instanton solution ()26p to p-branes is therefore very similar to 
the uplift to black holes. There is one value of b (jHUj) for which the instanton solution can be 



^^This seems to indicate a generalisation of the non-extremal deformations with both X 7^ and / 7^ 0, 
reducing to a three-dilaton instanton. 
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uplifted to a regular non-extremal non-dilatonic p-brane of type 2. For higher values of b one 
can obtain singular non-extremal dilatonic p-branes of type 2, which only become regular on 
either of the limits q^ ^ and g_ -^ 0. By adding an extra dilaton to the instanton solution 
one can also connect to the regular type 1 and type 2 non-extremal dilatonic p-branes. 

6 Instantons 

In the previous section we focused on the bulk behavior of the three conjugacy classes of 
instanton- like solutions. In this section we will investigate which of these solutions can be 
interpreted as instantons. Instantons are defined to be solutions to the Euclidean equations 
of motion with finite, non-zero value of the action. They sometimes have a tunneling inter- 
pretation, but more generically, they contribute to certain correlation functions in the path 
integral, with terms that are exponentially suppressed by the instanton action. These cor- 
relation functions then induce new interactions in the effective action, and for the extremal, 
1/2 BPS, D-instantons in type IIB in D = 10, these effects are captured by certain SL{2, Z) 
modular functions that multiply higher derivative terms like R^ and their superpartners [5]. 
Before we study correlation functions and effective interactions induced by non-extremal D- 
instantons, we must first discuss the properties and show the finiteness of the non-extremal 
instanton action. We will do this in such a way that the special case of extremal D-instantons 
can easily be recovered. 

6.1 Instanton Action 

The first thing we notice is that the action ()2()|1 . evaluated on any solution of (j^H|) vanishes. 
What is also bothersome about the Euclidean action ()2()j) is that it is not bounded from below, 
not even in the scalar sector. Such actions cannot be used for a semiclassical approximation 
in the path integral, since fluctuations around the instanton will diverge. This problem can 
be solved by adding boundary terms that guarantee a positive definite action for the scalars, 
yielding at the same time a nonzero value for the instanton action. These boundary terms can 
be understood as coming from dualising the magnetic nine-form into the axion field x [4,5], 
subject to appropriate boundary conditions for the fields and their variations. This dual 
formulation has a manifestly positive definite action (apart from the usual problems with 
the Einstein- Hilbert term), in which it is easy to derive a Bogomol'nyi bound and therefore, 
the semiclassical approximation is justified. This procedure was also demonstrated in lower 
dimensions in [28]. 

The action for the dilaton and the "magnetic" {D — l)-form, dual to the axion x, can be 
written as [5] 

Se= [ i[(rf0A*rf0 + e-'*Fz)_iA*Fz5_i)], (87) 

Jm 

supplemented by the constraint that -Fd_i is closed. Notice that in this formalism, the 

SL(2,'R) symmetry is not manifest. 
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We can dualise back to the dilaton-axion system by introducing a Lagrange multiplier x 
that enforces the Bianchi-identity for Fo-i-, i.e. Cmuit = ~xd^D-i- If we now algebraically 
eliminate Fd-i from the action by treating it as a fundamental field (as opposed to treating 
it as a field strength) and using its equation of motion, 



'D-l 



-e"^ * dx 



we obtain the Euclidean action ()2()|1 in terms of the axion x plus the boundary term men- 
tioned above. 

It is now easy to show that this action satisfies a Bogomol'nyi bound [5]. Using the fact 
that, in a Euclidean space, * * Ap = (— )*^^^^^'^Ap, where Ap is a p-form, we can rewrite the 
action as follows: 

Se= [ l[{d<P±e-'^/'*Fn-i)A*{d<P±e-'^/'*FD-i)T{-ftd{e-'^/'Fo-i)], (89) 
Jm 

where we have used the fact that (i-Fo-i = 0. Since the first term is positive semi-definite 
Se is bounded from below by a topological surface term given by the last term in (jH^ . The 
bound is saturated when the Bogomol'nyi equation 



*Fn^i = Te'''"d<P , (90) 

is satisfied. The =F distinguishes instantons from anti-instantons, and for simplicity, we will 
use the upper sign from now on. Using (|HHj). one can write the Bogomol'nyi equation as 

dx = -e-^^'^d(f) , (91) 

and one can check explicitly that the instanton solutions with q^ = 0, given in PHj) . satisfy 
this bound. They are therefore rightfully called extremal. The instanton action can then 
easily be evaluated, and has only a contribution from the boundary at infinity, 

STnst = ^D - 2)Vol{S^-')^j^ , (92) 

while the contribution from r = vanishes. 

For D = 10 and b = 2, this value of the instanton action precisely coincides with [4]. For 
other values of b, we notice the dependence of Qs on b. In ten dimensions, the only possible 
value for b compatible with maximal supersymmetry is 6 = 2. One then finds that the 
instanton action depends linearly on the inverse string coupling constant. In lower dimensions 
this is not necessarily so, and more values for b are possible, depending on whether x comes 
from the RR sector or from the NS sector. This would imply different kinds of instanton 
effects, with instanton actions that depend on different powers of the string coupling constant. 
This indeed happens for instance in four dimensions, after compactifying type IIA strings 
on a Calabi-Yau threefold. There are D-instantons coming from wrapping (Euclidean) D2 
branes around a supersymmetric three-cycle, and there are NS5-brane instantons coming 
from wrapping the NS5-brane around the entire Calabi-Yau. As explained in [29], such 
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instanton effects are weighted with different powers of Qs in the instanton action. This was 
also exphcitly demonstrated in [28,30,31]. In our notation, they corresponds^ to b = 1 and 
5 = 2. Our results in ()92|1 are consistent with these observations. 

Notice also that the instanton action is proportional to g_. For extremal instantons, this 
is precisely the mass of the corresponding black hole in one dimension higher, see (ffH|l . This 
is a generic characteristic of the instanton-soliton correspondence that we know from field 
theories. There, the Euclidean action in D dimensions equals the Hamiltonian in D -\- 1 
dimensions, and the instanton action equals the soliton mass. It is interesting to see that 
this also happens for theories with gravity. 

We now turn to the case of non-extremal instantons, and focus first on the case of q^ > 0. 
The solutions ()35|) for the dilaton and axion fields can be written as 

2 2 *f]H 

d<P=- cotHH + C,)dH , e~"^'^FD-i = t ■ w^^^, , (93) 

and do not satisfy the Bogomol'nyi equation ()9()|1 . To evaluate the action on this non- 
extremal instanton solution, we plug in these expressions into the bulk action ()87|1 . and find 



S^nst =^ j d({H-2 COth(if + Ci)} * dH^ , 



(94) 



which is again a total derivative term. Using Stokes theorem, we therefore only pick up 
contributions from the boundaries. Since the q^ > instantons have a curvature singularity 
at r = Tc (see section 3.1), one can take these boundaries at r = oo and at r = r^. In terms 
of the variable H, this corresponds to if = and H = oo respectively^^. We remind again 
that we have taken Ci to be positive, in order to avoid further singularities in the scalar 
sector when H + Ci =0. 

Evaluating the Einstein-Hilbert term on the solution in ()35|1 we find the following: 

R=-l f d{H*dH), (95) 

M ^ Jm 

which precisely cancels the first term of the scalar action (jMj) . Strictly speaking, both these 
terms diverge at the boundary r = Tc as one can show, and need to be regularized. For 
the Einstein-Hilbert term, this needs to be done in combination with the Gibbons- Hawking 
term [33], 



SEH = -i R + 2 (K-Ko)), (96) 

^ Jm JdM ' 

where M. is the D-dimensional Euclidean space and dM. is the boundary. In the second 
term, K is the trace of the extrinsic curvature of the boundary and Kq the extrinsic curvature 



^^This corrects a minor mistake in the previous version and in the version pubHshed in J HEP. In our 
conventions, the Z? = 4 dilaton is related to the Z? = 10 string dilaton by a factor of 2, see [32] for further 
details and implications of this correction. 

-^^Without loss of generality, we can choose q > 0. 
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one would find for flat space, which is subtracted to normalise the value of the action. One 
can check that from the boundary at r = oo, there is no contribution to ^^ . At r = r^, 
the metric has a curvature singularity and the dilaton blows up; therefore the supergravity 
approximation breaks down. One would have to rely on higher order string theory corrections 
to regularize the contribution from Vc- Whatever the precise contribution is, we remark that 
the gravitational action (jUBjl is an 5'L(2,R) invariant, independent of the string coupling 
constant. It can therefore only be a function of q^. 

If we assume that the regularization is such that there is still a cancellation with the first 
term in ()94j) . we only have contributions coming from the second terms of both integrals ()94|1 
and (jHEI)- We first discuss the boundary at r = oo. The contribution from ()9fj|l vanishes, 
while dHU) yields a contribution 




= i(D-2)Vo/(5--^)6c(^/q2 + :i^). (97) 

In the second line, we have used the relation between Ci and the asymptotic value of the 
dilaton, gl = (g_/q)^ sinh^Ci. 

For q^ = 0, (jHTj) precisely yields back the result for the extremal instanton, see (jHSI)- 
There we made the relation between the instanton action and the black hole mass in one 
dimension higher. Also for the non-extremal instanton, such a relation seems to holds. 
Indeed, from the mass formula for the non-extremal black hole in terms of the instanton 
parameters, one has that q cothCi = \/o^~+~qT, and the string coupling constant is set to 
unity. One therefore sees that the contribution to the instanton action from the boundary 
at infinity is proportional to the black hole mass in one dimension higher. 

The boundary at r = r^ receives contributions from both integrals ()94|) and ()96|). which 
add up to 

Slnst = ^ (^ - 2)Vol{S^-')bc (q (| - 1)) . (98) 

Note that this contribution vanishes for the case be = 2, while it is positive for be > 2. 
However, as discussed above, it is not at all clear whether this contribution to the integrals 
(|Mj) and (j^ should be included in the instanton action, since it is calculated in a region of 
space where the supergravity approximation is no longer valid. It might well be that string 
corrections smooth out the singularity at r = r^ leaving one with only the contribution ()97|1 
from r = Too- 

We now turn to the case of q^ < 0, or with q = iq, a positive q^ > 0. A similar calculation 
as for q^ > shows that, for the solution (jTfj) . we have 

2 ~ ~ ~ 2 *rlH 

d<t> = - coi{H + C{)dH , e-'f/^Fo-i = t . ~ -^ , (99) 

Osm(if + Ci) 



where 



H = 6carctan( ) , (100) 
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is a harmonic function over the geometry given by the metric in (07|). Plugging in these 
expressions into the bulk action (jHTj), we find 

S^nst = -^ / d[{H + 2 COt(^ + Ci)} * rfif) . (101) 

Since this is a total derivative, we can use Stokes theorem again to reduce it to an integral 
over the boundaries. These boundaries are at r = oo and r = 0, where we required that 
6c < 2, as discussed in section 3.1. In contrast to the discussion of the r = r^, boundary 
for q^ > 0, the instanton solution is perfectly regular everywhere, in particular at both 
boundaries. Therefore the contribution from the boundary at r = can also be trusted. 

In addition to the above action, one also needs to include the gravitational contribution 
(jnHjl . Similar to the case of q^ > 0, the first term of p()l|l is cancelled by the contribution 
from the Ricci scalar. We anticipate the Gibbons-Hawking term not to contribute, since the 
two asymptotic geometries at r = and r = oo are equivalent due to the Z2-symmetry ()76|) 
and therefore their contributions should cancel. 

Therefore the q^ < instanton action has contributions only from the second term of 
pOlj) from both boundaries at r = and r = oo: 

S^st = ^iD- 2)Vo/(5^-i) bcq (cotCi) , 

SLt = ^ (^ - 2)Vo/(5^-i) 6cq ( - cotiC, + 6c|)) . (102) 

Due to the fact that Ci and Ci + bcTT/2 are on the same branch of the cotangent (due to 
the restriction of regular scalars for < r < oo, which can only be achieved for be < 2, see 
section 3.1), the total instanton action is manifestly positive definite. In the neighborhood 
of be ~ 2, the instanton action becomes very large, and the limit to the extremal point where 
be = 2, is discontinuous. This shows that this instanton is completely disconnected from the 
extremal D-instanton. 

Using the asymptotic value of the dilaton in (jlTj) . we have g'^ = (g_/q)^ sin^ Ci, and 
therefore q^ < q^/g\- Assuming that cot C*! > 0, the contribution from infinity is positive 
and can be rewritten as 



STust = 4 (^ - 2) Vo/(5^-i) beM~q\ (103) 

" y Us 

which is the analytic continuation of the result with q^ > 0. 

6.2 Correlation Functions 

Once the instanton solutions are established, one studies their effect in the path integral. 
As for D-instantons in ten-dimensional IIB, they contribute to certain correlation functions 
via the insertion of fermionic zero modes. For the D-instanton, which is 1/2 BPS, there 
are sixteen fermionic zero modes. These are solutions for the fiuctuations that satisfy the 
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linearised Dirac equation in the presence of the instanton. All of these zero modes can 
be generated by acting with the broken supersynimetries on the purely bosonic instanton 
solution. For the non-extremal instantons, no supersymmetries are preserved, so there are 
more fermionic zero modes. Let us focus for simplicity on ten-dimensional type IIB. Since all 
the supercharges are broken, one can generate 32 fermionic zero modes. The path integral 
measure contains an integration over these fermionic collective coordinates, and to have a 
no n- vanishing result, one must therefore insert 32 dilatinos in the path integral. Based on 
this counting argument of fermionic zero modes, a 32-point correlator of dilatinos would be 
non-zero, and induce new terms in the effective action, containing 32 dilatinos. In the full 
effective action, such terms are related to higher curvature terms like e.g. certain contractions 
of R^. An explicit instanton calculation should be done to determine the non-perturbative 
contribution to the function that multiplies R^. As for the D-instanton, we expect that the 
contributions of the instantons with different q^-values build up a modular form with respect 
to SL{2,Z), possibly after integrating over q^. 

These issues, though important, lie beyond the scope of this paper, and are left for further 
investigation. 

7 Discussion 

In this paper we investigated non-extremal instantons in string theory that are solutions of 
a gravity-dilaton-axion system with dilaton coupling parameter b. In particular, we con- 
structed an SL{2,M.) family of radially symmetric instanton-like solutions in all conjugacy 
classes labelled by q^. Among these is the (anti-) D-instanton solution with q^ = 0. For 
special values of the dilaton coupling parameter this solution is half-supersymmetric. The 
instanton solutions in the other two conjugacy classes, with q^ > and q^ < 0, are non- 
supersymmetric and can be viewed as the non-extremal version of the (anti-)D-instanton. 
This view is confirmed by the property that instantons in these two conjugacy classes, for 
be > 2 with c defined in ()28|) . can be uplifted to non-extremal black holes. 

We stressed the wormhole nature of the instanton solutions. We found that each conju- 
gacy class leads to a wormhole geometry provided the corresponding instanton is given in a 
particular metric frame: 

q^ > ^^ dual frame metric (only for be = 2 oi q_ = 0) 

q^ = <-i> string frame metric (104) 

q^ < *-^ Einstein frame metric 

For all these case the metric takes the form ()48|1 . with the specific values given in section 
3.2. 

Not all instanton solutions we constructed are regular and not all can be uplifted to 
black holes. The non-extremal instantons in the q^ > conjugacy class all have a curvature 
singularity at r = r^, see (jH7|) . Only the be = 2 instanton can be uplifted to a regular non- 
extremal RN black hole with the singularity being resolved as a coordinate singularity at 
the outer event horizon of the RN black hole. The singularity remains for be > 2 and in that 
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case can be resolved by adding an extra dilaton to the original system [21]. Two exceptions 
are the limits q^ — » or g_ — i> 0, which correspond to the extremal and Schwarzschild black 
hole solutions, respectively. Finally, the instantons in the q^ < conjugacy class are only 
regular for be < 2. These instantons can never be uplifted to black holes. 

We have also considered the uplift of our instanton solutions to p-branes. It turns out 
that an instanton can only be uplifted over a (p+ l)-torus to a p-brane provided the dilaton 
coupling satisfies (following from 



bc> 



U{p+1){D-1] 
D+p-1 



(105) 



For the case that saturates this bound, the instanton with q^ > uplifts to a regular non- 
dilatonic p-brane. For larger values of b, the instanton solution (J26|) with q^ > uplifts to a 
singular limit of the dilatonic p-branes of [24]. These solutions only become regular in the 
limit q^ — >^ or g_ — > 0. A summary of the possible regular solutions is given in table Q 
Alternatively, we have discussed the possibility of adding an extra dilaton to the instanton 
solution [21], which allows for the uplift to the regular dilatonic p-branes of both type 1 and 
type 2. 



be 


Dimension 


Regular solutions 


<2 


D 


Instantons with q^ < 0. see (HTj) 


= 2 


D + 1 


RN black holes with q^ > 0, see (jEHI), or 
Schwarzschild black holes with q^ > 0, g_ = 


>2 


D + 1 


Dilatonic black holes with q^ = or 
Schwarzschild black holes with q^ > 0, g_ = 


= in(IIIIi 


D+p+1 


Non-dilatonic p-branes with q^ > 


> in (|1()5|) 


D+p+l 


Dilatonic p-branes with q^ = or 
q2 > 0, g_ = 



Table 1: The regular instanton, blaek hole and p-brane solutions that are obtained, depending 
on the dilaton coupling parameter b, the conjugacy class q^ and the charge g_. 



For the particular value 5 = 2, corresponding to A = 4, there is another higher- 
dimensional origin. In this special case, the D- dimensional extremal instanton can be up- 
lifted to a gravitational wave in D + 2 dimensions [8]. Similarly, the other two conjugacy 
classes uplift to purely gravitational solutions in D + 2 dimensions which we denominate 
"non-extremal waves" . The terminology is slightly misleading since the uplift only leads to 
a time-independent solution. Whether this solution can be extended to a time- dependent 
wave-like solution remains to be seen. It is also interesting to note the following curiosity. 
The source term for a pp-wave is a massless particle, i.e. a particle with a null-momentum 
vector: p"^ = 0. It is suggestive to associate the source terms for the other two conjugacy 
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classes with massive particles (p^ > 0) and tachyonic particles (p^ < 0). We leave this for a 
future investigation. 

In the second part of this paper we investigated the possibility whether the non-extremal 
instantons might contribute to certain correlation functions in string theory. For this appli- 
cation it is a prerequisite that there is a well-defined and finite instanton action. Mimicking 
the calculation of the standard D-instanton action we found that for q^ > the contribution 
from infinity to the instanton action, for all values of b, is given by the elegant formula (j^JTj) . 
This action reduces to the standard D-instanton action for q^ = 0. Having a finite action, 
the non-extremal instantons might contribute to certain correlation functions. In the case 
of type IIB string theory we conjectured that non-extremal instantons contribute to the R^ 
terms in the string effective action in the same way that the extremal D-instantons contribute 
to the R^ terms in the same action. Whether the fact that all supersymmetries are broken 
by the non-extremal instantons poses problems remains to be seen. An explicit instanton 
calculation should decide whether our conjecture is correct. This and related issues we leave 
for future investigation. 
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